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Abstract

The present paper deals with a approximating oaefor large time — delays of multi-input multi-put
(MIMO) dynamical systems. Time delay terms of thates space equations are described by delay niattixe
complex domain. A mixed model reduction method @itnix Pade-type-Routh model for the multivarialileear
systems was presented. Matrix Pade-type Routh maggloximation can largely reduce the instabilibd ghe
overshoot, so the fast response property is imgro8émulation results of the proposed method assgmted to

illustrate the correctness and effectively.
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Introduction

A time delay in input-output relations is a
common property of many industrial processes coéntro
[1], [2], such as thermo technical processes, cb&mi
processes etc. The effects of time delay are d@akent
Take a freeze dryer for example, the temperatunéraio
system is a first order large inertia system preduc
dynamic temperature fluctuations, which lead tleefe
dried products cannot fulfil the high quality derdaihe
time-delay property should not be neglected, thémw
unknown greatly complicates the control problemthe
analysis of a high degree multivariable systeris dften
necessary to compute a lower degree model so tthat i
may be used for a analogue or digital simulatiorthef
system. The denominator polynomial of the reduced
model is obtained from the Routh table and its maroe
matrix polynomial is obtained by the matrix Padpety
Routh Model [6],[7].However, majorities of these ysa
engage in the analysis of single time-delay vaeabl
Pade-type Routh model is popular method to
approximate a scalar pure delay exponential functio
this paper, the multi-input multi-output multivabia
matrix Pade-type approximation, the basic concept i
defined and applied to the state-space approximatio
problem of multivariable linear systems.

This paper has five sections, section Il states
matrix Pade-type-Routh model reduction method.
Section lll explains the state equation of MIMO aiel
system. Section VI presents root locus lead conmgiens
design. Section V presents two simulation examates
one comparison example with different large timiagde
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based on the proposed method, the step responses ar
plotted. Section VI gives the conclusion.

Matrix Pade-Type-Routh M odel Reduction
Method

Let the transfer function of a higher order systbm
represented by [6], [7]

+ +..+ -
G(S) - DO DlS Dn—lsn - Dn (S) ’
€ t€s+..+es E.(s)

@

Where D, i=0,1,..., n-1 are constant | x r matrices,
and ¢ i=0,1,..., n are scalar constants. G (s) can be
expanded into a power series of the from

G(s)=C,+C,s+C,8" +.... 2)

Where the ¢ i=0, 1... are | x r constant matrices
which satisfy the relation

Co =2 Dy,

&
C :é[Di _EQ—jCj]J =12... )

i=0
Thus using Eg. (3) the matrix transfer function nieey
expanded into a power series.

Assume that the reduced model R (s) of order n is
required, and let it be of the form
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WQ:DAQ: [%+D§+W+D@§l _—
E. (S e +es+..+g 5" +gs"
where the ) i=0,1,..., k -1 are constant | x r matrices,
and ¢ i=0,1,...., k are scalar constants.
Algorithm 1

Step 1 The denominato Es) of reduced model transfer
function can be constructed from the Routh Stabilit
array of the denominator of the system transfection
as follows.

The Routh stability array is formed by the follogin

blf b|— j+
bl,j :b|—2,j+1_%’ ©)

1-11

wherei > 3andl< j < [(k_';?’)}

The Routh table for the denominator of the system
transfer function is given as

b,=e, b,=e_, b;=e, b, =€,

by =1 bp=€ by=€ b, =€,

b,, b, b, ...

by 11 By 12

by,

Byi1y (6)

Ex (s) may be easily constructed from the (n+1-k3utid
(n+2-k)-th and (n+2-k)-th rows of the above to give

E, (5= b;s’
=0

:bk+l—n.lsn + b|<+2—n.1sn_1 + bk+1—n.25n_2 +... (7)
Step 2 the numerator,00s) of reduced model transfer
function by (5) and (6) can be obtained from

D, (9=s™ { E (9-E, (s'l)} ®

x-s*

whereE, (s)=s"E, (s™).

Thus the reduced model transfer function is given b

mg:i%?

State Equation of Mimo Delay System
Consider a MIMO continuous-time system with delays
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X, a, q a, | x b by | u, (11, (9)
X a, a a,, | x, by b, by || uy(t=7
= S|t :
X, a, a a, x| [b, b b |1, (=7,
» Cp G Oy | X
Vo |_|Cn €2 v Cu || X2 (10)
ym c.ml ¢ w2 cum xm
X = Ax + Bu (11)
y= Cx (12)
Where

xOR",uOR™ yOR', and AOR™, BOR™™,COR™ aret
he situation of input and output vectors, respetyiv
Laplace transform of Eq. (11) and Eq. (12) respebti
then the transform function matrix of the MIMO st
with delays can be obtained
Y(s)=C(sl — A Br(s)U(s)
=G,()G, (5)U(s) (13)
=G(s)U(s)

Where G(s), G(s), are without and with time delay parts
of MIMO system G(s),T (s) is pure delays diagonal
matrix which is given by

e™ 0 ... 0

G,(s)=1(s)= ¢ 0 14

0 0 0 ™

Thus the time delay is represented in transfer tfanc
form as:

_2-13

2+73

—IS

195

Design of Root L ocus L ead Compensator

Step 1: Determine damping factod to give the desired
overshoot and resonant frequenay), to give the

desired speed of response to the closed loop system

Step 2: At the desired pole positiorR; ) determined by

the O and w, of step | determiné] G, (P,)

Then UG, (P,) = +180° - 0G, (Py)

Step 3 : Add the compensator pole - zero pair so that
OG,.(P,) is as determined in step 2 and place the
compensator zero such that the resulting root ledglls
have all poles besidd®, and P, either far into the
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LHP or near zeroes. Usually this means cancelirtg o
the plant pole nearest (but not on) the jw axisttom
negative real axis.

Step 4: With the spi rule determine K, which for the

compensated closed loop system will give a pol&at

Determine compensator gain A to give this K.

Step 5: Check the time response to see that the desired
overshoot and speed of response have been obtailfied.
not go back to step 3 and adjust the position ef th
compensator zero so that the desired overshoot and
speed of response have been obtained. If this
adjustment does not result in the desired oversaondt

speed of response, return to step 1, and adjusand

@), in the direction required to give a more desirable

response.

Simulation Example
Consider MIMO continuous-time system with delays

w1 21 -8 x] [4 5 6| utr-32)
X 0=(3 4 — 4 |x, [+ 1 0 1| u(t-100)
Xy 0 1 =7 x 301 1| u(r—800)
v 10 0} x
v, |=|0 1 0fx,
v, 00 1|x

Input time delays are
r, =32s, 1, =100s,7, = 800s, respectively.

Y(s) = C (sl-A)* Bz(s)U (s)

Y(s) _
U(s G,(5)G,(s)
Where G (s) is linear MIMO System

G (s) is Purely time delay

G,(s)=1(s)

Dut to pure delays componen(§) is a diagonal matrix
similarity transformation approach is used to abtdie
decoupled state space equation, such that eachtdstp
corresponding to one input. Fig.1, Fig.2 and Figi\&s
step response.

e 0 0
(=0 e 0

0 O e*BO('B
s® -9s+6 28> +6s+28 -8(1+5s)
s?-20s-9 6-12s s?-7s-8
2s® +s+1 s?+2 s’+s

€i(s)= s?+7¢?+14s5+8

By applying pade — type Routh model the order reduc
system transfer function is obtained as follows:
Reduced order denominator (by applying Routh table)
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s 1 14
& 7 8
st 1285 0
g 8

E; (s) = 76+12.85s5+8
Reduced order numerator (by applying pade -type
method):

075 35 -1
cozi D,=|-1125 075 -1
& 0125 025 0
-2437 -5375 075
clzi[Dl—elco]z 0531 - 28125 0875
% 0093  -0437 0125
6 28 -8
D, =g,c,=|-9 6 -8
1 2 0
-9851 1975 - 685
D,=eg,+€C,=| - 10208 -12862 -585
235 - 0283 1
Thus the reduced order transfer function is
_D(9)
R,(s) = E.(9
6- 9851s  28+198s - 8- 685s
-9-102s 6-1286s - 8- 585s
R, (9 = 1+ 235s 2- 0283 s
7s? +12.855+8

By the addition of time delay to the original limea

transfer function is
Y(9)
T =—==G,(9) G, (s
€ UG 1(S) G, (9)
-s®+89s2 165+ 003 -s°-59s?+285- 005 8s?+79s- 001
-s®+20s? +89s- 001 12s® -6s+ 001 -s®+7s?+79s- 001
-2s°-7s? —s+ 0002 -—s®+ 0002s% —2s+ 0004 -s° —s? + 0002

T(s)=
© s* +7s° +14s? +8s+ 0016

Reduced order denominator (by applying Routh

Table)E, 612675 + 801%+ 0016

Reduced order numerator (by applying Pade-type
method) :
003-16s - 005+ 2804s - 001+8s
D'(s) =|- 001+ 79s 0012+6s - 0016+8s
0002-s 0004+ 24s 0002s

Thus the reduced order transfer function with toheday
is

003-16s - 005+ 2804s - 001+8s
-001+79s 0012+6s - 0016+8s
0002-s 0004+ 24s 0002s

R, (s)=
() 1267s% + 8019s+ 0016
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The simulation results for the original and reduoedir
systems can be seen from Fig.1, Fig.2 and Fig.8s&h And we can observe the step responses for origindl

are the step responses with time delay for theraig reduced order system without time delay in Fig.4, 3
transfer and Fig.6.
function.

Step Response

Step Response

Amplitude

Amplitude

Time (sec)

’ e Fig4.Step response of first output without time delay

Time (sec)

Figl . Step response of first output with time delay. step Response

Step Response

Amplitude

Amplitude

Time (sec)

0 B0 m0 100 200 2500 000 300 Fig5. Step response of second output without time delay
Time (sec)
Fig2.Step response of second output with time delay. o Step Response

Step Response

Amplitude

Amplitude

Time (sec)

0 50 1000 1500 2000 2500 s000 Fig6.Step response of third output without time delay

Time (sec)
Fig3. Step response of third output with time delay.
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Example :2 Consider the Border system as follows:

|:911(S) 92(9) 9509 }
69 =929 gzé((s;)) 924(9)

£,.()=00114F +0511%* +24152 +4018* +62164° +46146° +1.7134+0261
45 =-00193"+0.1125° +011147+04198% +0324F + 03198 +01618-+0.013:
£ 45=—0002F +020%° +083534° +13158" +1211% +083% +0.5148+00142
£, (s}=018346" ~06368° +21686° +4. 1826 +5.1615" =3.1716" 10555 +0124¢
8.(5)=001588"—0.0205" —02744" +14065* - 13824 +112387 = 07435 +0.404
£.(D=017&"+0022* +2 5345 +4.500%" +4.30%° +2 80" +1 2165 +0.1525
Diz)=s" +9.83% +3461&° +6385%° + 7301%* +300%° +17104&" +1.91% +023

with input time delays as follows:

1,=28 ,1,=64 , 1,=128 ,1,=258 , 1, =512, 7,=208 , 7, =608 , 7, =80dR(S) =

Reduced order denominator (By applying Routh table)

©

s 1 36616 73018 17104 025
s’ 983 65852 5003 1919

s® 2991 67928 16908 025

S 4352 4447 1837

s* 37365 1564 025

s* 2625 1546

s® 13419 025

st 1056

s 025

Thus the reduced order denominator is obtained as
follows:

E,(s)= 1341%* + 10565+ 025
Reduced order numerator (by applying Pade-Type

Method):
1 {0.8652

clp. -0.0536 0.0568
° e ° 08584

0.1616 061
1
G :g(Dl -eCy)

_[0.2096 1.0552 1032
| 2982 17348 0.1816
. 0.2163
OCO =

0.2146
P = eé)Cl + eiCo

~0.0134 0.0142}
P, =

0.0404 0.1525
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1

_| 0966 0207 0317
1651 0604 0689

Thus the reduced order transfer function is

P(9)
R(9= ¢ 5
2
0966s+0.2163 0207s-0.0134 03175+0.0142
1651s+0.2146 0604s+0.0404 068%+ 0152

Ry(s) =

13.41¢s® +1.05€s +0.25

The reduced order transfer function (férdutput) is as

follows:
149s+0.2171

13.41¢s” +1.05€s +0.25

(For T output)
R(S) = 2944s + 0407

13.41¢s” +1.05€s + 0.25
(For 2 output)

By adding compensator to the reduced order system
(Root locus lead compensator):

R(s) = 011X s+ 0145 , (s+Zz)

s® +0.0786s+ 0.0186 (s+ p,)

(For T output)

R(s) = 0219s+ 0138 , (s+z)

s’ +0.0786s+0.0186 (s+ p.)

(For 2" output)

And the poles of the system are given as follows:
-0.0393 + j 0135

Sq = —¢w, £ jw,\1-&°

s? +2fw s+ w,® =s* +0.0786s+0.0186

w, = 0136

& =0.289

The desired value of the reduced order system
&=08

be

The values of the compensated system are given as:
z,=-013 and p,=-0164
Thus the
reduced order transfer function by adding compemsat
is given as:

(C) International Journal of Engineering Sciences & Research Technology

[1934-1941]



[Narasimhulu, 2(8): August, 2013]

0111(s + 0145)(s+ 013
(s® + 07865+ 0.0186)(s + 0164)

By the addition of input time delays for the origin
system:
) =-00114" —051187 - 2414° 4916 62 ~4 5 -151F -024+00001
g 4=i=0019F —011% 0110418 0324" 0318 0165 —00153+0.00001
E4m=0002F —02% —088F 1315 1215 0836 03 14° 001400000140
& {5=01936 0636 —2168 —418 3168 317§ 1055 —0124+000009
Eoisi= 00108 <002 <027 - 14007 —1302° -1 12% - 074% - 004+ 0000031
049 =-Q7¢ - 024 - B34 - 45 - 45" - 285 - 12% — A 50800001
D=5 +1B5+4DY +96F +125c° +108" + 503 + 1% & + 1778+0198

By applying Routh table to the denominator:

R,(s) =

s° 1 4399 125.6 5693 1772
s® 108 9461 108.3 1547 01988
s’ 352298 115573 554976 17536

s® 591804 912867 149324 01988

s® 612296 466084 16352

s* 462383 133519 01988

s® 289275 1372

s 1116 01988

s' 08566

s® 01988

Thus the reduced order denominator is obtained as
follows:

E,(s) = 1116s + 0.85665 + 0.1988
By applying Pade Type Model for numerator:

c-1p - 0.9 0.0515  0.0545
° e ° ]04795 0.1555 0575
1 -2333 -1312355 -138506
C,=—(D,-eC)=
e 12273 -39%6  -1478275
b - |000018 00000103  0.0000109
07 F0T0 71 0.0000959 0.0000311 0.0000115
o - 024 -0013 - 0014
P =C.e +¢,C, =
- 0125 -0.0404 - 015

Thus the reduced order transfer function is obthame

follows:
{— 24+000018 -@18+00000103 - (1)14+000001J]

- (1125+00000959M4(=k+00000311- a1 5+000001 1}

RO= 11162 +0856£6+0198¢
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By adding compensator to the reduced order system
(Root locus lead compensator):

R(S) = —0.2893 + 0.0002 . (s+z)
1116s® + 0.08566s + 0.1988 (s+ p.)
(For T output)

R(s) = -0.3154+0.00013 , (s+Z.)
1116s® +0.085665+ 0.1988 (s+ p,.)

(For 2 output)

And the poles of the system are given as follows:
- 0.0423 + j 0134

Sd :_Ewn + ja)n Vl_gz

s? +2fw, s+ w,” =s® +0.0846s + 002
w, = 0141
& =0.299
The desired value of the reduced order system be
=08
The values of the compensated system are given as:
z.=00283 and p, = 0282

Thus the reduced order transfer function by adding

compensator is given as:
- 0.2893s + 0.0002
R(s) =

11.16s” + 0.08566s + 0.1988

. (s+0.0283)
(s+ 0282)

(For T output)

R(s) = -0.31545+0.00013 , (s+0.0283
1116s* +0.085665+0.1988 (s+ 0282

(for 2" output)

Smulation Results: The simulation results for the MIMO

compensated system without time delay are given as

follows:
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Fig 7. Compensator for without time delay system (for 1st
output).
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Fig 10: Compensator for with time delay system (for
2noutput).

Comparison of Proposed Method With Other
Existing M ethods

Example 3

Consider the @ order original transfer function is given

by
[911(8) 912(8)}
G(s) = 921(8)  9x(9)
D(s)
Where 19(s) = 288+4968+1800s+2400

18(s) = 308+488$+900s+2000
,9(s) = 128+528%+1440s+4320
8(s) = 248+3968+1220s+3200
and B) = 24+365+204$+360s+240
G(s) = g1(s) + 4(s)
G(S) = B1(S) + 2(s)
Where
5855 +5E4s” 4+ 27002 +4400
G (s) = :s‘:!sﬁ +2045% 43600 +240
_ 368 +5145° +16608+75L0
6 () = 27% + 3622 +20402 + 3602+ 240
The reduced second order models obtained by using
proposed method is:

183% + 4400

S) = for 1
R() 184s® +315s + 24C (
output)

R,(S) = 1128$+ 7520 (for ¥
184s” +31zs+ 24C
output)

The reduced " order models obtained by using
Continued Fraction Expansion method

http: // www.ijesrt.com  (C) International Journal of Engineering Sciences & Research Technology
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N, (s) = : 167s+ 4.2 (for 1
s +1.15€s+0.241
output)
N, (s) = 28+ 74 (for
277 €2 +1.156s +0.241
output)

The reduced ™ order models obtained by using Matrix
Cauer form method by R.Prasad

ot _ 4732s+10
or ot RE=2 +1.15€s + 0.241
For 2 output; P,(9) = 263s+ 929

s? +1.15€s + 0.241
The step responses of the reduced models obtained b
proposed method, continued fraction method, Matrix
Cauer form method are shown.

Step Response

Amplitude

8
6
4 73“ /
2
0

. . . . .
1 2 3 4 5
Time (sec)

Fig 11. Comparison graphsfor existing methods.

Conclusion

In this paper, a new method is proposed for the
reduction of high order continuous-time delay syste
The proposed method uses the application of Matrix
Pade type model reduction method for obtaining the
numerator and Routh table for obtaining the
denominator of the reduced order models. This psego

new method overcomes the drawbacks of the some of

the existing methods of continuous time systems
reduction. The proposed model reduction technigue i
used for the stability analysis and root locus lead
compensator for high-order continuous—time systems
designed.
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