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Abstract 

  The present paper deals with a approximating method for large time – delays of multi-input multi-output 
(MIMO) dynamical systems. Time delay terms of the state space equations are described by delay matrix in the 
complex domain. A mixed model reduction method of matrix Pade-type-Routh model for the multivariable linear 
systems was presented. Matrix Pade-type Routh model approximation can largely reduce the instability and the 
overshoot, so the fast response property is improved. Simulation results of the proposed method are presented to 
illustrate the correctness and effectively. 
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Introduction  
A time delay in input-output relations is a 

common property of many industrial processes control 
[1], [2], such as thermo technical processes, chemical 
processes etc. The effects of time delay are essential. 
Take a freeze dryer for example, the temperature control 
system is a first order large inertia system produce 
dynamic temperature fluctuations, which lead the freeze 
dried products cannot fulfil the high quality demand. The 
time-delay property should not be neglected, that when 
unknown greatly complicates the control problem. In the 
analysis of a high degree multivariable system, it is often 
necessary to compute a lower degree model so that it 
may be used for a analogue or digital simulation of the 
system. The denominator polynomial of the reduced 
model is obtained from the Routh table and its numerator 
matrix polynomial is obtained by the matrix Pade-type 
Routh Model [6],[7].However, majorities of these ways 
engage in the analysis of single time-delay variable. 
Pade-type Routh model is popular method to 
approximate a scalar pure delay exponential function  In 
this paper, the multi-input multi-output multivariable 
matrix Pade-type approximation, the basic concept is 
defined and applied to the state-space approximation 
problem of multivariable linear systems. 

This paper has five sections, section II  states 
matrix Pade-type-Routh model reduction method. 
Section III explains the state equation of MIMO delay 
system. Section VI presents root locus lead compensator 
design. Section V presents two simulation examples and 
one comparison example with different large time delay  

based on the proposed method, the step responses are 
plotted. Section VI gives the conclusion.   
 
Matrix Pade-Type-Routh Model Reduction 
Method 
Let the transfer function of a higher order system be 
represented by [6], [7] 
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Where Di, i=0,1,…, n-1 are constant l x r matrices, 
and ei, i=0,1,…, n are scalar constants. G (s) can be 
expanded into a power series of the from 
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Where the Ci, i=0, 1… are l x r constant matrices 
which satisfy the relation 
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Thus using Eq. (3) the matrix transfer function may be 
expanded into a power series. 
Assume that the reduced model R (s) of order n is 
required, and let it be of the form 
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where the Di, i=0,1,…, k -1 are constant l x r matrices, 
and ei, i=0,1,…., k are scalar constants.  
Algorithm 1 
Step 1 The denominator Ek (s) of reduced model transfer 
function can be constructed from the Routh Stability 
array of the denominator of the system transfer function 
as follows.  
The Routh stability array is formed by the following 
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The Routh table for the denominator of the system 
transfer function is given as 
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Ek (s) may be easily constructed from the (n+1-k)-th and 
(n+2-k)-th and (n+2-k)-th rows of the above to give 
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Step 2 the numerator Dn (s) of reduced model transfer 
function by (5) and (6) can be obtained from  
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Thus the reduced model transfer function is given by 
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State Equation of Mimo Delay System 
Consider a MIMO continuous-time system with delays 

 
Where 

areRCRBRAandRyRuRx mxnmxmnxnmn ∈∈∈∈∈∈ ,,,,, 1 t

he situation of input and output vectors, respectively. 
Laplace transform of Eq. (11) and Eq. (12) respectively, 
then the transform function matrix of the MIMO system 
with delays can be obtained 

                  
 
Where G1(s), G2(s), are without and with time delay parts 
of MIMO system G(s), τ (s) is pure delays diagonal 
matrix which is given by 

 
Thus the time delay is represented in transfer function 
form as: 
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Design of Root Locus Lead Compensator 
Step 1: Determine damping factor δ  to give the desired 

overshoot and resonant frequency nω  to give the 

desired speed of response to the closed loop system. 

Step 2: At the desired pole position (dP ) determined by 

the δ  and nω  of step l determine )( df PG∠  

Then )(180)( 0
dfdc PGPG ∠−±=∠   

 Step 3 : Add the compensator pole - zero pair so that 

)( dc PG∠  is as determined in step 2 and place the 

compensator zero such that the resulting root locus will 

have all poles beside dP  and dP  either far into the 
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LHP or near zeroes.  Usually this means canceling out 
the plant pole nearest (but not on) the jw axis on the 
negative real axis. 
 Step 4: With the spi rule determine K, which for the 

compensated closed loop system will give a pole at dP . 

Determine compensator gain A to give this K. 
Step 5: Check the time response to see that the desired 
overshoot and speed of response have been obtained.   If 
not go back to step 3 and adjust the position of the 
compensator zero so that the desired overshoot and 
speed of response have been obtained.   If this 
adjustment does not result in the desired overshoot and 
speed of response, return to step 1, and adjust δ  and 

nω  in the direction required to give a more desirable 

response. 
 
Simulation Example 
Consider MIMO continuous-time system with delays  

 
Input time delays are  

,800,100,32 321 sss === τττ respectively.  

Y(s) = C (sI-A)-1 B )()( sUsτ  
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Where G1 (s) is linear MIMO System 
           G2 (s) is Purely time delay 

)()(2 ssG τ=  

Dut to pure delays component G2(s) is a diagonal matrix 
similarity transformation approach is used to obtain the 
decoupled state space equation, such that each output is 
corresponding to one input. Fig.1, Fig.2 and Fig.3 gives 
step response. 
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By applying pade – type Routh model the order reduced 
system transfer function is obtained as follows: 
Reduced order denominator (by applying Routh table): 

s3 1 14 
s2 7 8 
s1 12.85 0 
s0 8 

E2 (s) = 7s2+12.85s+8 
Reduced order numerator (by applying pade –type 
method): 
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Thus the reduced order transfer function is 
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283.0235.21
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By the addition of time delay to the original linear 
transfer function is  
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Reduced order denominator (by applying Routh 
Table): 016.0019.867.12)( 2

2 ++=′ sssE  

Reduced order numerator (by applying Pade-type 
method) : 
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Thus the reduced order transfer function with time delay 
is  
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The simulation results for the original and reduced order 
systems can be seen from Fig.1, Fig.2 and Fig.3. These 
are the step responses with time delay for the original 

transfer 
function.
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Fig1 . Step response of first output with time delay. 
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Fig2.Step response of second output with time delay. 
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Fig3. Step response of third output with time delay. 

 
And we can observe the step responses for original and 
reduced order system without time delay in Fig.4, Fig.5 
and Fig.6. 
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Fig4.Step response of first output without time delay 
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Fig5. Step response of second output without time delay 
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Fig6.Step response of third output without time delay 
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Example :2  Consider the 8th order system as follows: 
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with input time delays as follows: 
ssssssss 800,600,200,512,256,128,64,28 87654321 ======== ττττττττ

Reduced order denominator (By applying Routh table): 
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Thus the reduced order denominator is obtained as 
follows: 

25.0056.1419.13)( 2
2 ++= sssE

 Reduced order numerator (by applying Pade-Type 

Method): 
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Thus the reduced order transfer function is 
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The reduced order transfer function (for 1st output) is as 

follows: 
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(For 1st output) 
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(For 2nd output) 

 

By adding compensator to the reduced order system 

(Root locus lead compensator): 
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(For 2nd output) 

And the poles of the system are given as follows: 
135.00393.0 j±−

 21 ξωξω −±−= nnd js
  

 
0186.00786.02 222 ++=++ ssss nn ωξω

 136.0=nω
 289.0=ξ
 The desired value of the reduced order system 

be
8.0=ξ

 

The values of the compensated system are given as: 

 

Thus the 

reduced order transfer function by adding compensator 

is given as: 

164.013.0 −=−= cc pandz
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By the addition of input time delays for the original 

system: 
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Thus the reduced order denominator is obtained as 

follows: 

1988.08566.016.11)( 2
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 By applying Pade Type Model for numerator: 
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Thus the reduced order transfer function is obtained as 

follows: 
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By adding compensator to the reduced order system 

(Root locus lead compensator): 
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(For 1st output) 
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(For 2nd output) 

And the poles of the system are given as follows: 
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 The desired value of the reduced order system be 
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 The values of the compensated system are given as: 
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Thus the reduced order transfer function by adding 

compensator is given as: 

)282.0(

)0283.0(
*

1988.008566.016.11

0002.02893.0
)(

2 +
+

++
+−=

s

s

ss

s
sR

                      

(For 1st output) 
 
 

 
)282.0(

)0283.0(
*

1988.008566.016.11

00013.03154.0
)(

2 +
+

++
+−=

s

s

ss

s
sR                           

(for 2nd output)

 Simulation Results:
 
The simulation results for the MIMO 

compensated system without time delay are given as 

follows:
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Fig 7. Compensator for without time delay system (for 1st 

output). 
 

 
Fig 8: Compensator for the without time delay system (for 

2nd output) 
 

 
Fig 9: Compensator for with time delay system (for 1st 

output 
 

 
Fig 10: Compensator for with time delay system (for 

2noutput). 
 

Comparison of Proposed Method With Other 
Existing Methods 
Example  3 
Consider the 4th order original transfer function is given 
by  
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Where                   g11 (s) = 28s3+496s2+1800s+2400 
                              g12 (s) = 30s3+488s2+900s+2000 
                              g21 (s) = 12s3+528s2+1440s+4320 
                             g22 (s) = 24s3+396s2+1220s+3200 
and                        D (s) = 2s4+36s3+204s2+360s+240 
              G1(s) = g11 (s) + g12 (s)                    
             G2(s) = g21 (s) + g22 (s)  
Where    

    ;  

  

The reduced second order models obtained by using 
proposed method is:            
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)(

21 ++
+=

ss

s
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output)   
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s
sR                (for 2nd  
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The reduced 2nd order models obtained by using 
Continued Fraction Expansion method                
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The reduced 2nd order models obtained by using Matrix 
Cauer form method by R.Prasad                 
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The step responses of the reduced models obtained by 
proposed method, continued fraction method, Matrix 
Cauer form method are shown. 
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         Fig 11. Comparison graphs for existing methods. 

 
Conclusion 

In this paper, a new method is proposed for the 
reduction of high order continuous-time delay systems. 
The proposed method uses the application of Matrix 
Pade type model reduction method for obtaining the 
numerator and Routh table for obtaining the 
denominator of the reduced order models. This proposed 
new method overcomes the drawbacks of the some of 
the existing methods of continuous time systems 
reduction. The proposed model reduction technique is 
used for the stability analysis and root locus lead 
compensator for high-order continuous–time systems is 
designed.  
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